We present explicit formulae for q-exponentials on quantum spaces which could be of particular importance in physics, i.e. the q-deformed Minkowski space and the q-deformed Euclidean space with three or four dimensions. Furthermore, these formulae can be viewed as a 3-or 4-dimensional analog of the well-known q-exponential function.
Introduction
In this work we would like to continue our programme for developing a noncommutative analysis, which in the following is referred to as q-analysis. One of our motivations for doing this is that a field theory based on q-analysis should be well behaved in the UV [1] , [2] , [3] . So far we have concerned ourselves with explicit formulae for star-products [4] , representations of partial derivatives [5] as well as q-integrals [6] . All of these mathematical objects have been considered for such non-commutative spaces which could be of particular importance in physics, i.e. the q-deformed Minkowski space and the q-deformed Euclidean space with three or four dimensions. Our goal now is to take a step towards completing this programme by providing also explicit formulae for q-exponentials.
Before doing this let us recall some basic aspects of our approach. As already mentioned, q-analysis can be regarded as a non-commutative analysis formulated within the framework of quantum spaces [7] , [8] , [9] . These quantum spaces are defined as comodule algebras of quantum groups and can therefore be interpreted as deformations of ordinary coordinate algebras [10] . For our purposes it is sufficient to consider a quantum space as an algebra A q of formal power series in the non-commuting coordinates X 1 , X 2 , . . . , X n A q = C [[X 1 , . . .
where I denotes the ideal generated by the relations of the non-commuting coordinates. The algebra A q satisfies the Poincaré-Birkhoff-Witt property, i.e. the dimension of the subspace of homogenous polynomials should be the same as for commuting coordinates. This property is the deeper reason why the monomials of normal ordering X 1 X 2 . . . X n constitute a basis of A q . In particular, we can establish a vector space isomorphism between A q and the commutative algebra A generated by ordinary coordinates x 1 , x 2 , . . . , x n :
This vector space isomorphism can be extended to an algebra isomorphism introducing a non-commutative product in A, the so-called ⋆-product [11] , [12] . This product is defined by the relation
where f and g are formal power series in A. Additionally, for each quantum space exists a symmetry algebra [13] , [14] and a covariant differential calculus [15] , which can provide an action upon the quantum spaces under consideration. By means of the relation
we are also able to introduce an action upon the corresponding commutative algebra.
It is now our aim to derive explicit formulae for q-exponentials of the q-deformed Minkowski space and the q-deformed Euclidean space with three or four dimensions. According to the above considerations all the necessary calculations can be carried out in the corresponding commutative algebras. In so doing we are led to 3-and 4-dimensional analogs of the well-known q-exponential function [16] , [17] .
From an abstract point of view, an exponential is nothing other than an object whose dualisation is the evaluation map [8] , :
where {e a } is a basis and {f a } a dual basis. Thus, the exponential is given by the map
As it was shown in [18] , there is such a duality pairing of quantum space coordinates and the corresponding partial derivatives are given by
where ε denotes the counit map. Our task is therefore to determine a basis of the algebra M x being dual to a given one of the algebra M ∂ . Inserting the elements of these two bases into formula (6) will then provide us with explicit expressions for the exponentials.
It is important to note that the partial derivatives can act on the algebra of quantum space coordinates in four different ways [5] . For this reason there are four possibilities for defining a pairing between coordinates and derivatives. Hence, we have
where∂ A differs from ∂ A by a normalisation factor, only [5] , [19] , [20] . Clearly, each of these pairings will lead to its own exponential. It should also be clear from the above considerations that the different exponentials can be linked via the same crossing symmetries which have already helped us in [5] to transform the underlying representations of the partial derivatives into each other. There are two properties of the considered exponentials worth recording here. For further details we refer the interested reader to [21] . It is not very hard to prove that the exponentials obey the identities
which tell us that our exponentials can be regarded as q-analogs of classical plane-waves.
q-Deformed Euclidean space in three dimensions
Let us consider the dual pairing [18] 
Using the representations of the partial derivatives given in [5] one can easily find the identities
where we have introduced the q-factorials of the antisymmetrical q-numbers which are defined by [22] [
From the above identities and the well-known property 1 [21] , [22] 
we finally obtain a more general formula given by
Next we write as ansatz
where m and n denote the set of variables (m + , m 3 , m − ) and (n + , n 3 , n − ), respectively. As we require our exponentials to be eigenfunctions of the operators ∂ A , they have to be subject to
which, in turn, implies
(10), (15), (16) and (18) together yield
From this relation we can immediatley read off the identities
Thus, we end up at the expression
Repeating the identical steps as before, we can also compute explicit formulae for the other types of q-exponentials. These calculations show us the existence of a correspondence given by
where the symbol
←→ indicates a transition via one of the following two substitutions:
It is to be noted here that the exponentials with a tilde have to refer to a different ansatz of the form 2
Likewise one can verify the transformation rules
exp(x R |∂L)
←→ denotes that one can make a transition between the two expressions by applying one of the following two substitutions:
q-Deformed Euclidean space in four dimensions
The 4-dimensional Euclidean space [23] can be treated in very much the same way as the 3-dimensional one. Therefore we will only state the results. Again, we begin by considering the following ansatz:
For compactness, we have introduced a new notation:
The explicit form of the dual pairing
now becomes
With the same reasonings as in the previous section Eqn. (33) implies
f k,m = 0, otherwise, which, in turn, leads to the expression
There is again a correspondence between the different types of our qexponentials. First of all, we have
which concretely means that the expressions on the right-and left-hand side can be transformed into each other by one of the following two substitutions:
where i = 1, . . . , 4, and i ′ = 5 − i. As in the previous section, the tilde in (36) shall remind us that we have to make a different ansatz for this type of exponential:
In complete analogy to the 3-dimensional case we can also find the transformations
symbolizing a transition via one of the following two substitutions:
q-Deformed Minkowski space
From a physical point of view the most important case we want to discuss in this article is q-deformed Minkowski space [24] , [25] , [26] 3 . However, the complexity of the representations of the partial derivatives [5] makes it rather difficult to deduce a closed expression for the dual pairing between derivatives and coordinates. Thus, we cannot directly apply the procedure of the last two sections for determining a basis being dual to a given one of normal ordered monomials. For this reason we would like to present a different method for calculating q-exponentials. To begin, our first job is again to seek a useful ansatz. Since our exponentials are required to be bosonic [28] they have to satisfy the properties
with τ 3 being a grouplike generator of the q-Lorentz algebra and Λ denoting the associated scaling operator [29] . These formulae, in turn, imply that the exponentials take the form
where
In the following it is our aim to determine the unknown coefficients f m l,v . Before doing this let us introduce, for brevity,
Inserting the expressions of (46) and (47) into
provides us with a system of equations given by
This system for the unknown coefficients f m l,v can be simplified further by taking the relations
which can directly be derived from the definition of the dual pairing and the representations of the partial derivatives presented in [5] . By exploiting the property (52) one can then show that we have
With these identities in hand we are now in a position to rewrite the polynomials f m (x) as
Finally, a little thought shows that the system (50) can be reduced to
It is our next goal to present a method for solving the above system of equations. Towards this end we introduce the function
where [s] denotes the biggest integer not being bigger than s. Furthermore we demand that the values the variables v and l shall take on are restricted to
Therefore the maximum value of k(m 3/0 , v, l) is given by
It is also easy to see that we can establish a one-to-one correspondence between the allowed values of v and l on the one hand and those of k(m 3/0 , v, l) on the other hand by setting 
This ordering enables us to reduce our system of equations to the recursion relation
Now, it should be rather obvious, that the coefficients f m k(v,l) can be expressed as 
In this sense, we have arrived at an expression of our q-exponentials in terms of the dual pairing. What remains to do is the evaluation of the dual pairing in formula (62). But this can be done rather systematically by multiple use of the representations for the partial derivatives [5] , for example with the help of a computer. As this is a rather tedious task, we do not want to discuss that issue any further here. For completeness we wish to write down the rules making a connection between the different types of q-exponentials. With the same reasonings we have already applied to the Euclidean cases we can now write exp(x R |∂L)
exp(∂ R | xL)
exp(x R |∂L) ←→ symbolizes one of the following two substitutions:
The symbol +↔− ←→, however, has the same meaning as in Sect. 2.
